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Abstract
We study the multifractal properties of the geometrical patterns which appear in the initial
processes of photoinduced structural change. Employing a model of localized electrons coupled
with a single-phonon mode, we calculate the Lipschitz–Hölder exponent α and singularity
spectrum f (α) on the distribution of excited electronic states and molecular distortion by using
the box-counting method, and discuss the temporal behavior of photoinduced domains.

1. Introduction

Recently photoinduced cooperative phenomena have been
studied extensively both theoretically and experimentally [1].
These phenomena essentially include many-body effects
regarding structural, magnetic, or ferroelectric properties
induced by the injection of photoexcited states [2–6], and they
are considered to occur by a common mechanism. However,
particularly regarding theoretical studies, we are currently at
a primary stage of searching for a clue to establish a physical
picture of the phenomena [7–12], which we should obtain prior
to the quantitative discussion of material-dependent properties.
From this viewpoint, it is important to find model systems
which reveal the elementary processes of the photoinduced
cooperativity, i.e. we require model systems which show
the cooperatively driven change in electronic states and/or
structural properties triggered by the injection of photoexcited
states.

We have proposed a model of interacting molecules which
is suitable for describing the initial nucleation processes in
the photoinduced cooperative phenomena [9–12]. With this
model we showed that the interplay of vibrational coupling
and dipole–dipole interactions between molecules leads to the
growth of excited-state domains accompanied by excitation
energy transfer. To be more precise, we showed that excited
molecules that are introduced to the material will induce
electronic state conversion in the other molecules, and that the
coherent motion of the molecular distortion is important for

understanding the dynamics of these nucleation processes. In
relation to the experimental results, we also showed that the
domain growth dynamics is also affected by the interdomain
interactions, and that the conversion rate is a power of the
excitation intensity, as observed in experiments [3, 12]. We
should note that, according to these results, photoinduced
domains have a certain internal structure, i.e. domains are
not composed of uniformly distorted molecules but some
geometrical patterns are observed in them. Since this nanoscale
structure appears as a result of nucleation processes, it is
important to analyze the patterns to understand the initial
dynamics of the photoinduced cooperative phenomena.

On the other hand, recent advances in laser technology
have made it possible to generate arbitrarily designed optical
pulses, and control of the quantum mechanical states of
materials with those pulses has become one of the central
interests of research into future device applications [13].
Since it has been pointed out that photoinduced cooperativity
is present even with extremely weak excitation [2–4], we
consider that the coherent control of the above-mentioned
phenomena will be useful for realizing energy-efficient
devices.

In this paper we study the geometrical properties of
a photoinduced domain in the coherent regime. For this
purpose we particularly focus on the population of the
excited electronic state and molecular distortion, and perform
multifractal analysis [14–16] on the geometrical patterns
represented by these properties, which is potentially one
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of the most efficient and powerful tools for characterizing
complicated geometrical structures and for analyzing the
microscopic properties of the wavefunction of photoinduced
domains.

2. Model and method

2.1. Model of interacting molecules on a lattice

As a minimal model to describe the photoinduced coopera-
tivity, we employ a model of molecules arrayed on a square
lattice. Since the elementary processes of photoinduced nu-
cleation are excitation energy transfer between individual
molecules, we extract a skeleton model which describes the en-
ergy transfer process through intermolecular interactions. Fur-
thermore, in the present paper, we focus on the photoinduced
cooperativity accompanied by a structural change of the ma-
terials, and hence the electron–phonon interactions between
molecules are particularly important to the nucleation pro-
cesses. Since we are interested in insulators, the itinerancy of
electrons is less important for describing the basic properties
of the initial nucleation processes, and the excitation energy is
primarily carried by phonons instead.

As shown in the previous studies [9–12], the dynamics
of nonadiabatic transition is one of the most important
features of the photoinduced nucleation processes. Although
the bifurcation rate of wavefunctions has been studied
extensively [17] following the original study by Landau [18]
and Zener [19], we have pointed out that the full quantization
of the relevant vibration mode of molecules is necessary
for pursuing the time-dependent properties of the growing
domains.

The above discussion leads us to assume that the model
molecules are composed of a localized electron with two
energy levels coupled with a single molecular vibration mode.
We also assume that the diabatic potential surfaces with respect
to the given electronic levels are assumed to cross each other
and that the nonadiabaticity is taken into account via ‘spin-flip’
interaction between two electronic states. These assumptions
are sound if we refer to the experimental results in organic
polymers [3] and spin-crossover complex [4, 5], in which
structural change is observed with the cooperative change of
optical properties.

As for the intermolecular interaction, we take into account
three types of intermolecular interactions described below:

(i) Vibrational coupling, which is the interaction between
the vibration mode of different molecules. This is also
responsible for the dispersion of the relevant phonon
mode.

(ii) Coulomb interaction between excited molecules, which
is derived from a dipole–dipole interaction induced by
electronic excitation. The interaction strength is taken up
to the first order of the molecular distortions.

(iii) Electron-vibrational coupling, which describes the distor-
tion of molecules induced by the excited-state dipole in
the adjacent molecules.

V
W
α
β

ε

2s

2λ

Figure 1. Schematic view of the model. Circles denote the molecules
with two electronic states and a vibrational mode. Adiabatic potential
energy surfaces for an individual molecule are shown in the inset.

Hence, the Hamiltonian in the present study is described
by:

H =
∑

�r

{
p2

�r
2

+ ω2u2
�r

2
+

(√
2h̄ω3sq�r + εh̄ω

+ s2h̄ω
)

n̂�r + λσ �r
x

}

+
∑

〈�r ,�r ′〉
[αω2(u�r − βn̂�r )(u �r ′ − βn̂ �r ′)

− {V − W (u�r + u �r ′)}n̂�r n̂ �r ′ ], (1)

where p�r and u�r are the quantized momentum and coordinate
operators of the vibration mode at site �r , respectively. The
second sum which gives the intermolecular interaction is taken
over all the pairs on the nearest-neighbor sites. The electronic
states at site �r are denoted by |↓〉�r (ground state) and |↑〉�r
(excited state), and σ �r

i (i = x, y, z) are the Pauli matrices
which act only on the electronic states of the molecule at site
�r . A schematic view of the model is shown in figure 1.

In the present study we take h̄ = ω = 1, and the unit
of time is take to be T = 2π/h̄ω, which is equal to the
vibrational period of a single molecule, which is typically
∼ 200 fs for organic molecules. As for the other parameters,
we chose their values as ε = 1.6, s = 1.4, V = 1.1,
W = 0.2, α = 0.1, β = 0.2, and λ = 0.2. Although these
values are typical for organic molecules for electron-vibration
coupling [20] and the intermolecular Coulomb interaction [21],
the values of the other parameters are not easy to determine,
either from theoretical calculations or experimental results. We
only mention that the order of magnitude for the parameters is
estimated by referring to those for typical organic materials.

The quantized states on each diabatic energy surface of
each molecule are the vibronic states of the molecule at site �r
described by |nσ 〉�r (n = 0, 1, 2, . . ., σ = ↑,↓) in the Fock
representation [22, 23]. We note that this Ising-like model is
similar to the one for studying the thermodynamical properties
of the Jahn–Teller effect [24], although the nonequilibrium
dynamics of the excited states in the model have not been
understood.
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We numerically solved the time-dependent Schrödinger
equation for the Hamiltonian (1) on the 128 × 128 lattice,

i
∂|
(t)〉

∂ t
= H|
(t)〉, (2)

and obtained the photoinduced domain as a function of time.
In these calculations we apply a mean-field approximation in
order to deal with large system (up to 128 × 128 molecules),
as in the previous studies [9–12].

2.2. Multifractal analysis of photoinduced domains

The photoinduced domain is obtained numerically by
solving the time-dependent Schrödinger equation. Then
the distribution of the excited-state population and/or
molecular distortion is interpreted as geometrical patterns
in two-dimensional space, and we performed a multifractal
analysis [14–16] on them, which is used to reveal the scaling
behavior of the domain. In this paper we discuss the
geometrical patterns represented by the population of the
excited electronic state defined by

N(�r , t) = 〈
(t)|n�r |
(t)〉, (3)

and the molecular distortion defined by

ζ(�r , t) = 〈
(t)|u�r |
(t)〉. (4)

The multifractalicity of the patterns is characterized by the
strength of the singularity obtained from the probability μi (δ),
the total count of N(�r , t) or ζ 2(�r , t) in the i th box with edge
length δ. Generally speaking, μi(δ) is described by

μi(δ) = δα, (5)

where α denotes the strength of the singularity, also known as
the Lipschitz–Hölder exponent. When δ → 0, a different value
of α corresponds to each point of the pattern. The probability
of α lying between α′ and α′ + dα is

ρ(α′) ∝ δ− f (α′) dα, (6)

and thus f (α) corresponds to the fractal dimension of the set
of small cells with a Lipschitz–Hölder exponent α.

The box-counting method [25–27] is often employed to
obtain the α and f (α) in various systems [28–30]. This method
is directly used to calculate the (q − 1)th moment of μi(δ)

described by
Zq =

∑

i

{μi(δ)}q ∼ δτq . (7)

α and f (α) are obtained by the Legendre transformation,
i.e. the relation between α − f (α) and q − τq is given by

α(q) = dτq

dq
(8)

f (α(q)) = qα − τq . (9)

We note that the (q−1)th moment emphasizes the concentrated
region of the patterns for positive values of q , while it
emphasizes the rarefied region for negative values of q .

3. Calculated results and discussion

The calculated results of the photoinduced domain for t =
15 are shown in figures 2(a) and (b). At t = 0 only
a single molecule at the origin (center of the square) is in
the Franck–Condon state, while the others are in the ground
state. As the molecule at the origin distorts, electronic state
conversion from |↓〉�r to |↑〉�r is induced and the excitation
energy propagates in the system. As a result, the other
molecules turn to be in the electronic excited state |↑〉�r ′ ,
and a domain-like structure gradually grows in the system
(photoinduced nucleation processes). Although the vibronic
state of such a domain holds the D4h symmetry of the square
lattice around the origin, we found that internal geometrical
structure appears in the domain, as shown in the gradation of
figures 2(a) and (b).

The Lipschitz–Hölder exponents α and the corresponding
singularity spectra f (α) are calculated for N(�r , t) and ζ 2(�r , t)
and the results are shown in figures 3(a) and (b). In both
figures, f (α) is convex and therefore shows the multifractal
nature of the photoinduced domain. This multifractal nature is
caused because the domain growth takes place in a hierarchical
manner, i.e. electronic-state conversion occurs step by step
around the initially excited molecule.

Since the minimum value of α (αmin) corresponds to
the Lipschitz–Hölder exponent for q → ∞, it represents
the fractal properties of the most concentrated part of the
domain, which is composed of totally converted molecules.
Figures 3(a) and (b) show that αmin for N(�r , t) and ζ 2(�r , t)
gives a consistent value of αmin which increases as a function
of time. The value of f (αmin) also increases from 0, reflecting
the growth of the domain.

We stress that f (αmin) is less than 2, which means that
the geometrical patterns in the domain shown in figure 2
has fractal geometry. Figures 3(a) and (b) also show that,
as the domain grows, the variance of the patterns, in the
sense of their multifractal nature, increases. These aspects
are the quantitative description of the geometrical structure
of the photoinduced domain shown in figure 2, and thus the
multifractal analysis works well for understanding the patterns
which appear in the domain.

The maximum value of α (αmax) shows the fractal
properties of the most rarefied part of the domain. This part
mostly describes the geometry of the unconverted molecules,
i.e. the molecules outside the domain. We found that αmax

for both N(�r , t) and ζ 2(�r , t) increases as a function of time.
However, the value of αmax for ζ 2(�r , t) changes prior to that for
N(�r , t). As a sound wave propagates in the system, molecular
distortion is induced in the system and then population transfer
takes place as a result. Thus, the oscillation of molecular
distortion is reflected in the geometrical pattern earlier than the
population transfer. We also mention that the variance of αmax

is affected by the system size, and that its absolute value should
be discussed carefully.

It has been pointed out that a nanoscale fractal structure
induces a change in the dynamics of chemical reactions, such
as the reaction rate, by modifying the reaction field [31, 32].
The present results show that these chemical reactions can
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Figure 2. Photoinduced domain represented by population N(�r , t) (left) and lattice distortion ζ(�r , t) (right) for t = 15. Only the 48 × 48
sites around the initially excited molecule are shown.
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Figure 3. The f (α) curve for (a) N(�r , t) and (b) ζ 2(�r , t) for t = 5, 8, 12, and 15.

be controlled by optical pulses, i.e. the reaction field can be
modified if those materials in which photoinduced cooperative
phenomena occur are placed around the reactant and/or
catalyst. In particular, since the coherent dynamics of
nucleation processes are important for understanding the
domain structure [11], coherent control of photoinduced
cooperative phenomena is very important for obtaining novel
methods of chemical reaction control. Hence, we point out

that, by making such composite materials, we can accelerate or
decelerate chemical reactions by weak optical pulses due to the
high efficiency of photoinduced cooperative phenomena [1].

We discuss the effect of decoherence on the multifractal
patterns. As the vibrational coherence between molecules is
lost, the phases of their vibrational coordinates differ from
each other. As a result, the nanoscale structure in the
photoinduced domain is blurred, and the contrast between the
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patterns discussed in the present paper is reduced. Since,
however, coherent phonons are observed typically for the first
few picoseconds after photoexcitation [33], we point out that
the present results are valid within the timescale discussed
in the paper (t � 15), and that multifractal patterns are
present in such a coherent regime. We stress that we aim to
shed light on the effectiveness of the multifractal analysis of
photoinduced domains, and that the present results show that
we will have fruitful information from experimental results
on the crystal structure and/or the electronic states. As
for the experimental techniques for observing geometrical
patterns in the coherent regime, we mention that time-
resolved x-ray diffraction measurements will reveal the details
of transient structure change. Since ultrashort pulse x-ray
sources are under development [34, 35], multifractal analysis
of the photoinduced domain will be available in the near
future.

4. Conclusions

In this paper we have studied the multifractal nature of
the photoinduced domain in molecular crystals. We found
that, in the coherent regime, both the population of the
excited state and the molecular distortion show a multifractal
property characterized by the Lipschitz–Hölder exponent α

and the singularity spectrum f (α). αmin and αmax are
dependent on time after photoexcitation, and the dynamics
of the pattern are understood by the variance of the f (α)

curve for the growing domain. When these patterns are
observed by time-resolved x-ray diffraction measurements,
for example, we will obtain very important information
on the coherent dynamics of photoinduced nucleation
processes.

By realizing a nanoscale multifractal structure in real
materials, we will be able to modify the reaction field by using
appropriately designed optical pulses, and thus photoinduced
cooperative phenomena will be a novel method for controlling
chemical reactions. Since these patterns appear as a result of
coherent dynamics of nucleation processes, coherent control of
the initial dynamics of these phenomena is key to developing
new such methods.
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